The nonlinear dynamics of longitudinal dust lattice waves (LDLWs) propagating in a dusty plasma bicrystal is investigated. A "diatomic"-like one-dimensional dust lattice configuration is considered, consisting of two distinct dust grain species with different charges and masses. Two different frequency dispersion modes are obtained in the linear limit, namely an optical and an acoustic wave dispersion branch. Nonlinear solitary wave solutions are shown to exist in both branches, by considering the continuum limit for lattice excitations in different nonlinear potential regimes. For this purpose, a Generalized Boussinesq (GBq) and an extended Korteweg de Vries (EKdV) equation(s) are derived, for the acoustic mode excitations, and their exact soliton solutions are provided and compared. For the optic mode, a nonlinear Schrödinger-type equation is obtained, which is shown to possess bright-(dark-) type envelope soliton solutions in the long (short, respectively) wavelength range. Optic-type longitudinal wavepackets are shown to be generally unstable in the continuum limit, though this is shown not to be the rule in the general (discrete) case.
INTRODUCTION
Dusty (or complex) plasmas 1 (DP) have attracted a great deal of interest recently. A unique characteristic of DP is the formation of strongly-coupled crystalline configurations, due to the high electric charge acquired by massive dust particulates ("grains") and the high densities and low temperatures encountered in such plasmas. Crystal formation and dynamics have been studied in various discharge experiments 3 1− , where charged dust particles were created by injecting artificially manufactured micron-sized neutral particulates, which subsequently acquire a high charge once the gas discharge is switched on. Various two-and three-dimensional crystalline configurations were formed in such experiments and subsequently studied theoretically 4 1− . This research was naturally extended by experimentally creating 6 , 5 dust crystals in one-dimension and modeling their dynamics 13 7− , in view of technological applications.
The linear dust-lattice wave (DLW) profile in a one-dimensional (1D) dust monolayer consisting of identical dust grains includes an acoustic longitudinal dust-lattice (LDL) mode 7 , 1 (in the x-direction), and a transverse mode 8 , 1 (off-plane, along the direction of the force of gravity, say z); interestingly, the latter features an inverse optic-like (backward wave) dispersion relation. The generic characteristics of these modes depend on the nature of interactions among charged dust grains, which are most often assumed to be of screened Debye-type. However, this description is qualitatively invalidated when charge polarization (potential "dressing") effects are taken into account 4 In this paper, we aim at studying longitudinal motion in a one-dimensional horizontal chain consisting of two types of dust grains, specifically bearing different (negative) electric charge and different masses; see Fig. 1 . We assume that the two different species coexist at the same levitation height, where electric forces balance gravity (i.e., the condition QE = Mg is independently met by both dust species; here Q and M denote the dust charge and mass, respectively, while E is the electric field and g is the acceleration of gravity on Earth; recall that the charge may be a function of the levitation coordinate 19 and that a nonlinear dependence of the dust charge on dust mass exists 20 . The outline of this paper goes as follows. In Section II, we derive a set of discrete and, separately, (approximate) continuum equations of motion for dust grains. The nonlinear aspects of acoustic and optic-like motion are analyzed in Sections III and IV. Our results are summarized and discussed in Section V.
II. EQUATIONS OF MOTION
Let us consider a one-dimensional horizontal chain (assumed infinite, for simplicity) consisting of different negative charge dust grains ) ( 2 1 Q Q and different mass 1 M ( 2 M , respectively), modeled as point charges. Vertical force equilibrium is ensured by gravity and electric/magnetic forces. Transverse dust grain motion is assumed to be frozen, so only longitudinal displacement, say na x x n n − = δ (where N n ∈ ), is permitted in this simplified model (see Figure 1 ).
The electrostatic binary interaction force F(r) exerted on two grains situated at a distance r is derived from an electrostatic potential function U(r) , viz. 
or, upon defining
We have calculated the polynomial coefficients 1 G , 2 G , and 3 G for the "dressed" potential energy
For first neighbor interactions (FNI), we have obtained We shall also make use of the second neighbor interaction (SNI) quantities,
, which read (for species 1): 
The equations of motion for the displacements n u and n w of grains 1 and 2 in the − n th cell are
given by 
Solving for 2 ω , we obtain two exact solutions, in the form
where μ denotes the reduced mass (defined above) and
These dispersion curves determine an acoustic mode (lower branch)
and an optic mode (upper branch)
reference, the definition of the gap frequency 0 ω ).
Expanding near k=0, relation (8) gives the approximate (long wavelength) expressions 
Note that the optical mode is characterized by inverse dispersion, i.e.
by a negative group velocity
. This is manifested by the negative slope in the upper curves in Fig. 2 . Note that 1 2 c c < due to second-neighbor interactions (only; in fact, the two characteristic velocities coincide for first-neighbor interactions 18 ). The dispersion curve is depicted in figure 2 .
B. Continuum approximation
To solve Eqs. (6a,b) in the continuum limit, i.e. assuming a weak variation of the function's value in space, we shall consider the displacements to be a continuous function of the space coordinate x, viz.
. We may therefore use the following expansions and a are (real) constant quantities, to be determined by compatibility requirements. Note that all of these coefficients should tend to unity in the equal-mass limit (for 1
), so that (9b) then also becomes a simple Taylor expansion (around an equilibrium spacing 0 r ). 
III. ACOUSTIC NONLINEAR SOLITARY WAVES
Note that all of these quantities are equal one in the equal mass ("monoatomic" chain) like.
Taking these definitions into account, the equations of motion (6-a,b) reduce to the equation
) ( (10) where we have defined the characteristic velocity (cf. above)
and the coefficients
A.
Boussinesq theory 
where
Here, 0 x and v are real constants, which determine the soliton center and velocity, respectively. The 
slight modification of the soliton profile, as seen in Figure 3 (a).
B. Korteweg de Vries (KdV) theory
By defining , Eq. (13) has been studied as a limit case of the "compound KdV-Burgers" Equation [21] ; the solution thus obtained is qualitatively similar to the positive AB case. Here, we shall assume that AB>0 from the outset.
Eq. (13) 
The parameters 2 x and v determine the center and the velocity of soliton, respectively, while the soliton width depends on
Note that only supersonic solutions are thus predicted, in contrast to the solution of the GBq Eq. (11) above. Figure 3(b) shows the soliton profile related to Eq. (14), which is only slightly different from the GBq solutions depicted in Fig. 3(a) . 
IV. OPTICAL NONLINEAR WAVEPACKETS
Compatibility among the latter two equations is ensured by the conditions
We thus obtain the differential equation 
and
and proceed by substituting the above series into Eq. (18) 
We may assume that 
One has to impose the condition of suppression of secular terms in the right hand side, and so we obtain 
implying that the slowly varying wave-front travels at the group velocity 
where we have used (24) in the last step.
We now proceed to the third order in ε . The condition for annihilation of secular terms now takes the nonlinear Schrodinger equation form (NLSE),
where the dispersion coefficient P is 
We note that the sign of P is negative, while the sign of Q may vary; cf. Fig. 5 . However, the former is only true in the continuum limit, and should therefore only be taken for granted in the small k region.
Indeed, by evaluating the curvature of the upper mode [and thus
] from the exact (discrete) dispersion relation (8), one obtains a more perplex dependence of P on the wavenumber k, which may affect the sign of P in a significant way; cf. Fig. 6 .
It is known that a modulated wavepacket whose amplitude obeys the NLSE (29) The analytical form of the coefficients P and Q, as well as their product PQ, as defined in (30, 31) above, is depicted in Figs. 5(a,b,c) . Since the sign of PQ determines the stability profile of the wave, we see that instability (along with the occurrence of bright-type wavepackets) is prescribed, since both P and Q are negative (viz. PQ>0). This is true whether second-neighbor interaction are, or are not, taken into account (see Fig. 5 ), although the former case (SNI) seems to lead to smaller absolute values of P and thus narrower solitons, for a given amplitude (we point out that the ratio P/Q determines the soliton width-amplitude product 22 ). However, these qualitative results are only valid for small values of the wave number k, i.e. large wave lengths, since the corresponding expressions were derived in a continuum approximation (so, Fig. 5 was restricted to small k values). To gain some insight into the general (discrete) case, one may retain the expression (31) for Q, yet derive the dispersion coefficient
from the corresponding discrete dispersion relation (8) (for the upper, optic mode). The result is depicted in Figs. 6(a,b,c) , where we see that instability is indeed prescribed in both sides of the 1 st Brillouin zone (for small k and for k near 0 2 / r π ), yet interrupted by a stability range in between, which is reduced if SNI are taken into account; see Fig. 6(c) . Figure 7 compares the NLSE dispersion coefficient P as derived from (8) (exact, discrete form) and its continuum approximation [from (30)] in the low wave number region, for both cases where second-neighbor interaction are ( 0 
V. CONCLUSIONS-DISCUSSION
In this paper, we have investigated the occurrence of nonlinear excitations in a one-dimensional Debye bi-crystal, consisting of two different dust grain species. We have assumed that the two species coexist at the same levitation height, where electric forces balance gravity. We have calculated the polynomial coefficients for the "dressed" potential energy up to fourth order nonlinearity, pointing out the effect of taking or not into account second neighbors interaction (SNI). Two modes were found to exist in the linear limit, namely a lower acoustic mode and an upper optic-like mode; the latter (inversedispersive) mode is to be distinguished from the (also inverse-dispersive) transverse mode which is associated with off-plane motion in dust monolayer 8 .
By using a continuum approximation, we have derived and compared an extended KdV and a We may stress that our results refer to longitudinal motion in 1D dust (bi-)crystals (which have to be created in appropriate experiments making use of trapping potentials 6 , 5 ). Therefore, this physical situation is distinct from the picture arising when two different dust species "float" at different heightssee, e.g., [Ref. 23] (this case will be treated in forthcoming work). Furthermore, the real dynamics of 2D dust layers includes combined in-and off-plane motion, giving rise, e.g. to the bending modes discussed 
Figure 1:
One-dimensional bi-lattice of dust grains (heuristic representation). 
